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0. Introduction. 

Let f : X ^ Spec(Z) be a l)-dimensional regular arithmetic variety over Spec(Z), 

1. e. X is regular, X is projective and flat over Spec(Z) and d = dim/. Let H be 
an /-ample line bundle on X and k a Hermitian metric of H. Here we consider a 
homomorphism 

L:Clf{X)R^Cif^\x)R 

deflned by L{x) = x ■ ci{H, k). In [GS], H. Gillet and C. Soule conjectured that 

Arithmetic Analogues of Grothendieck's Standard Conjectures. For a suitable 
choice of k, if2p<d + 1, then 

J II 9 " — ~P d-\-l—p 

(a) The homomorphism L'^+'^-^p CH (X)^ CH (X)^ is bijective, and 

(b) Ifxe CB^{X)r, x^O and L'^+^-'^p{x) = 0, then {-l)Pdeg{x ■ L'^+^-^p{x)) > 0. 

For example, K. Kiinnemann [Ku] proved that if X is a projective space, then the con- 
jecture is true. In this note, we would like to prove the following partial answer of the 
above conjecture for general arithmetic varieties. 

Theorem A. Assume that d> 1 and {H, k) is arithmetically ample, i.e. {H, k) satisfies 
the following conditions: 

(i) H is f -ample. 

(ii) The Chern form Ci(i7oo, ^oo) gives a Kdhler form on the infinite fiber X^o- 

(iii) For every irreducible horizontal subvariety Y (i.e. Y is flat over Spec(Z) the 
height ci( {H, of Y is positive. 

Then we have the following: 

(1) L'^-i : Ch\x)m ^ CR{X)^ is injective. 

(2) Ifxe Ch\x)m, Xy^Q and L<^{x) = 0, then deg{xL'^-^{x)) < 0. 

This is a revised version of my previous paper "Hodge index theorem on arithmetic varieties" . 
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Theorem A is a consequence of the following higher dimensional generalization of Faltings- 
Hriljac's Hodge index theorem on arithmetic surfaces (cf. [Fa] and [Hr]). 

Theorem B. Assume that d > 1 and {H, k) is arithmetically ample. Let X — > 
Spec(OK) — > Spec(Z) be the Stein factorization of f : X ^ Spec(Z) and Xk the 
generic fiber of f, where Ok is the ring of integers of an algebraic number field K. 

Let z : CH {X) — > CY{^{X) be the canonical homomorphism defined by z(D,g) = D. If 

X e GR{X) and (^z{x)\x^ ■ {H\x^Y~^^ = 0, then 

d^{x^ ■ci{H,ky-^) < 0. 

Moreover, equality holds if and only if there are a positive integer n andy e CH (Spec(Oi<:)) 
such that nx = f*{y)- 

1. Proof of Theorem B. 

In this section, we would like to give the proof of Theorem B. An advantage to use 
arithmetical ampleness of the Hermitian line bundle (if, k) due to S. Zhang [Zh] is that a 
higher multiple of it produces a lot of good sections (cf. [Zh] and [Mo2]), so that we can 
proceed induction on d = dim /. However, regularity of X doesn't preserve by induction 
step in general. Here we consider the following weaker version on general arithmetic 
varieties. 

Theorem 1.1. Let K be an algebraic number field and Ok the ring of integers of K. 
Let f : X ^ Spec(OK) be an arithmetic variety such that d = dim/ > 1 and Xk is 
smooth and geometrically irreducible. Let {H, k) be an arithmetically ample Hermitian 
line bundle on X, i.e. {H,k) is a Hermitian line bundle with the following properties: 

(i) H is f -ample. 

(ii) The Chern form ci{H^, k^) gives a Kdhler form on X^j for all a e i^(C). 

(iii) For every irreducible horizontal subvariety Y (i.e. Y is flat over Spec{OK)), the 
height ci{ {H, k)\Y)'^^™^ of Y is positive. 

Let D be a Cartier divisor on X and g^j a Green current of D^j on each a e K{£). If 
(Dk-HP^) =0, then 

d^g(^(^D,J2 9a) ' • c, {H, kf-"^^ < 0. 

Moreover, if equality holds, then there is a positive integer n, a Cartier divisor Z on 
X and constants {g'a}aeK{C) such that the support of Z is vertical and the class of 

(Z, ^g'^) is equal to the class of n{D, ^ga) in CH {X). In particular, if equality holds, 
then Oxk^Dk) is a torsion o/Pic(Xi^). 

Proof. First of all, we prepare two lemmas. 
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Lemma 1.1.1. Let X be a d- dimensional compact Kdhler manifold with a Kdhler form 
$ and ip a real valued smooth function on X. Then, 



I ifdd^iip)^"^-^ < 0. 
Jx 



Moreover, equality holds if and only if (f is a constant. 

Proof. Since dd'^ = -^^—dd and d{(pd{(p)) = d{ip)d{(p) + (pdd{(p), by Stokes' theorem, we 
have 

J^^dd^iif)^"-' = J^d{^)d{if). 

Here let . . . , 6*^ be a local unitary frame of Q,]^ with $ = Si 0'^ A 9\ We set 
d{ifi) = ^. ai0\ Then, d{ip) = d(Jf) = ^. a^^*. Therefore, 

i=l 

Thus, we have 



(pdd%(p)^'^-^ < 0. 

X 



Moreover, equality hold if and only if d{^p) — 0. Here, since (f is real valued, d{(p) — 
implies that (p is a constant. □ 

Lemma 1.1.2. Let X be a d-dimensional Kdhler manifold with a Kdhler form $ and uj 
a smooth (1, l)-form on X such that uj = —u and uj A = 0. Then, there is a real 
valued smooth function u on X with the following properties. 

(1) A^'^-^ = u^'^. 

(2) u{x) < for all xeX. 

(3) u{x) — for all X & X if and only if uj = 0. 

Proof. Let . . . , be a local unitary frame of Q]^ ^^^^ ^ = ^* A We set 

u = J a.ijO'^ A OK Then, uj = —uj implies that aji = —aij. Moreover, since 

u A = -y^(aii + • • • + add)^'^, 
we have an + • • • + add = 0. On the other hand, by an easy calculation, 

d{d - l)uj'^ A = ^ ttijaji - auajj 
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Therefore, we get 



^2 ^ ^ ^ ( .|2 I 



-1 



Hence, if we set u — —— r kiiP, the lemma is obtained because Y]- ■ |ai, P is 

d{d — 1) hj < J< 

independent of the choice of ^-^j . . . , □ 

Let us start of the proof of Theorem 1.1. We will prove it by induction on d. First, 
we consider the case d= 1. In this case, taking a desingularization of X, we may assume 
that X is regular. Thus, our theorem can be derived from Faltings-Hriljac's Hodge index 
theorem (cf. [Fa] and [Hr]). 

Next, we assume d > 2. We set x = (-D,X]fl'o-) and L = Ox{D). Let ha be an 
Einstein-Hermitian metric of with respect to ci{Ha,ha)- Let s be a rational section 
of L with div(s) = D. Here we consider an arithmetic cycle 



y=\D, -\0g{haiSa,Sa)) 

Since and — log{ha{sa, s^)) are Green currents of the same D^, there is a real valued 

- — ~i 

smooth function on each such that x = y + o(X^o-gK(C) ^o-) i-^)- Then, it 

is easy to see that 



di{x^-c^{H,k)''-')^di{y^-ci{H,ky-') + ^ J2 I (t^add%<Pa)c^{Ha,KY-^ 



creK{C) ' 



because ci{La.,ha-)ci{Ha,ka-Y ^ = 0. Therefore, by Lemma 1.1.1, 



and equality holds if and only if (f)^ is a constant for each a G i^(C). On the other hand, 
by virtue of [Mo2, Theorem 4.2 and Theorem 5.2], for a sufficiently large m, there is a 
section t e H^iX, H'^) with the following properties: 

i) div(t)K is smooth and geometrically irreducible. 

ii) If div(t) = y + aiFi H h aaFg is the irreducible decomposition such that Y is 

horizontal and F^'s are vertical, then FiS are smooth fibers. 

iii) D and div(t) has no common irreducible component. 

iv) supj.^j(^^ (ll^cr||fc^(a^)) < 1 for all a G K{'C). 
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(Note that H^{Xk, Hj^^) = guarantees geometrical irreducibility of diy{t)K-) Since 
{D\p^ ■ H\p,, ) < by the geometric Hodge index theorem, we obtain 

- J2 f ^og{\\t,\\k^)c^{L,,Kfc^{H:^,k^f-' 
<d^g{y\l-c,{{H^,k^)\yf-^) 

- I iog(iit.iu^)ci(x.,/i.)2ci(ff-,c)'"'- 

Since {Lfj,hfj) is Einstein- Hermitian, by Lemma 1.1.2, there is a real-valued smooth 
function on X^r with the following properties: 

(1) c^{L^,h^)\^{H^,k^y-' ^ u,ci{H,,k,y. 

(2) u^{x) < for aU x e X^. 

(3) Ucr{x) = for all x e X^r if and only if (L^-, h^r) is flat. 
Therefore, we have 

d^{y' ■ c,{H, kf-') < d^{{y\yf ■ c,{{H, k)\yf-^). 

Hence, by hypothesis of induction, we get our inequality. 

Finally, we consider equality condition. We assume deg(a;2 • ci{H, k^-'^) = 0. Then, 
if we trace back the above proof carefully, we can see 

(a) 0O- is a constant for each a G K{C). 

(b) (Lcr, /icr) is flat for each a G K{C). 

(c) Lxly^ is a torsion of Pic(Y/^). 

By (b), Lc is given by a representation p : 7ri(Xc) — > C* of the fundamental group of 
Xc- (c) implies that the image of 7ri(yc) ^i(-^c) C* is flnite. On the other hand, 
by Lefschetz theorem (cf. Theorem 7.4 in [Mi]), 7ri(lc) 7ri(Xc) is surjective. Thus, 
the image of p : 7ri(Xc) — > C* is also flnite. Therefore, there is a positive integer n with 
LI ~ Ox^. Thus, 

dimx LI) = dime L^) ® C = dime H\Xc, Lg) = 1. 

Hence, since {Lk ■ H'^^) — 0, we have L\ ~ Oxk- Thus, there is a rational section 
s' of with s'j^ = 1. We set Z = div(s') and g'^ = - log(/i^(s', s')) +?i</'a- Then, the 
support of Z is vertical. Moreover, since is a flat metric of Ox^, h'^is', s') must be a 
constant. Therefore, {Z,^g'^) is our desired cycle. □ 



Proof of Theorem B. Since flOx = Ok, Xk is geometrically irreducible. So the in- 
equality is an immidiate consequence of Theorem 1.1. 
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We need to consider the precise equality condition. Clearly, if there are a positive 
integer n and y G CH (Spec(OK)) such that nx = f'*{y)-, then deg(a;^ -ciiH, A;)'^"^) = 0. 
Conversely we assume deg{x^ ■ci{H,kY-'^) = 0. Then, by Theorem 1.1, there are a 
positive integer ni and an arithmetic cycle (Z, X^aei^CC) 9(^) such that Z is vertical with 
respect to /', ga-^s are constant and nix is equal to the class of (-Z^j X^aexcc) fl'o-) 

CH{X). Then, 

d5((ni^)2 • MH, k^-'^) = {Z^ ■ H"^-^) = 0. 
Here, we need the following lemma. 

Lemma 1.3. Let X be a regular scheme, R a discrete valuation ring, f : X ^ Spec(i?) 
a projective morphism with f^Ox = R, and H an f -ample line bundle on X. Let X^ 
be the central fiber of f and {Xo)j.ed = + • • • + X^ the irreducible decomposition of 
(Xo)i.ed- We consider a vector space V = Q-^i generated by Xi's and the natural 

pairing ( , ) : V x V —>■ Q defined by 

{D,,D2)^{Di-D2-H'^-'), 

where d = dim / and ■ is the intersection product. Then, we have {D, D) < for all 
D & V and equality holds if and only if D E QX^. 

Proof. For example, see (i)' of Lemma (2.10) in Chap. I of [BPV]. □ 

By the above lemma, there is a positive integer n2 and a cycle T on Spec(Ci^) such that 
n2Z = f'*{T). Therefore, if we set y = (T, Eaex(C) '^29a), then nin2X = f'*{y). □ 

2. Proof of Theorem A. 

Let us begin the proof of Theorem A, This is an easy corollary of Theorem B. 

(1) Let us see that (2) implies (1). Assume that L'^-^{x) = 0. Then, L^(x) = 0. Thus 
if a; ^ 0, then deg{xL'^-^{x)) < by (2). This is a contradiction. Therefore, a; = 0. 

(2) Let X — > Spec (Ok) Spec(Z) be the Stein factorization of / : X — > Spec(Z). 
In the following arguments, the subscript K means the restriction to the generic fiber of 

Since X can be approximated by points y e CH {X)q with L'^{y) = 0, we may assume 

that X e CH {X)q. Let t be a rational number with {z{x)K+tHK-H'^^) = 0. Replacing 

X by mx, we may assume that x e CH (x) and t e Z. We set y = x + tci{H, k). Then, 
{z{y) K ■ Hp^) = 0. Thus, by Theorem B, we have deg{y^ ■ ci{H, k^-^) < 0. Therefore, 
since L'^{x) = 0, we get 

d^{x^ ■ ci{H, k^-^) + {tfd^{ci{H, kY+^) < 0. 
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Hence, deg(a;^ ■ci{H, kY ^) < 0. Here, we assume that deg(x^ -ciiH, kY ^) = 0. Then, 
t = 0. Thus, {z{x)k • H^^) = 0. So, by Theorem B, there is a positive integer n and 

u e CH (Spec(0/<:)) such that nx = f'*{u). We know nx ■ ci{H, kY = 0, which imphes 

u ■ fi{ci{H,kY) = 0. Therefore, tx = in CH\spec(C>K))Q because f!,{ci{H,kY) = 

{Hj^)[Spec{OK)]- Thus, a; = in CH {X)q. This is a contradiction. Hence, we get 

degix"^ -ciiH^kY'^) < 0. 

3. Variants of Theorem B. 

In this section, we will study variants of Theorem B or Theorem 1.1. The following 
theorem is a generalization of Theorem 1.1 to a higher rank vector bundle. 

Theorem 3.1. Let K he an algebraic number field and Ok the ring of integers. Let f : 
X — > Spec(Ox) be an arithmetic variety and (H, k) an arithmetically ample Hermitian 
line bundle on X. Assume that d — dim/ > 1 and Xk is smooth and geometrically 
irreducible. Let {E, h) be a Hermitian vector bundle on X such that Eq is semi-stable 
with respect to H-^ and {ci{Ek) ■ ci{HkY~^) — 0- Then, we have 

di2{E,h) ■ci{H,kY~^ < 0. 

Moreover, if the equality holds, then h^j is Einstein- Hermitian with respect to a Kdhler 
form = ci{H^, ka) and E^j is fiat for every a e K{G). 

Proof. Let r be the rank of E. Since 

1 ^2 



ch^iE, h) = -ci{E, hy - C2{E, h), 



we have 



di2iE, h) ■ ci{H, kY'^ = ^ci{E, hf ■ c^{H, kY'^ 

zr 



r — 1^ . ^ . .2 [ (TJ u\d-l 



C2{E, h) - • ci{H, k) 

By Lemma 8.2 of [Mol], E^ is semistable with respect to H(j. Thus the main theorem 
in [Mo2] implies that 

C2{E, h) - hf^ ■ ci{H, kY-' > 0. 

On the other hand, by Theorem 1.1, ci{E,hY ■ ci{H, kY~' < 0. Therefore, we have 
di2{E,h)-ci{H,kY~' < 0. 
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Next we consider equality condition. We assume that ch.2{E, h) ■ci{H, k)^~^ = 0. First 
of all, by equality condition of the main theorem of [Mo2], Ea- is flat for every a e K{C). 
Let h' be an Einstein- Hermitian metric of E. Then, by Lemma 6.1 of [Mol], 

{di2{E,h)-di2{E,h'))-ci{H,kf-' = -^^^^ J2 DL{E,,KX)^ 

where DL is the Donaldson's Lagrangian. Therefore, we have 

DL{E,,KX)<^- 

On the other hand, since h' is Einstein- Hermitian, we get DL{E(^, ha, h'^) > for all 
a e K{C). Hence DL{Ea, h^, h'^) — for all a e K{C). Thus ha is Einstein-Hermitian 
for aU (T e K(C). □ 

In the case where rki? = 1, Theorem 1.1 says that if ch2(-E,/i) ■ci(if, A;)'^-^ = 0, then 
Ek is a torsion element of 'Pic^^Xk)- So we might expect a stronger property of {E, h) 
than flatness. Here we introduce one notation. Let M be a complex manifold and F a 
flat vector bundle of rank r on M. Let pp '■ 7ri(M) — > GLj.(C) be the representation of 
the fundamental group of M arising from the flat vector bundle F. F is said to be of 
torsion type if the image of pi? is finite. 

Proposition 3.2. Let K he an algebraic number field and Ok the ring of integers. Let 
f : X ^ Spec(Oi^) be an arithmetic variety, H an f -ample line bundle on X and k a 
Hermitian metric of H. Assume that d = dim / > 1 and Xk is sm,ooth and geometrically 
irreducible. Let {E,h) be a Hermitian vector bundle of rank r on X such that {Ea,ha) 
is flat for each a e K{C) and di2{E, h) ■ ci{H, k^'^ = 0. Let psc ■ 7ri(Xc) ^ GL^(C) 
be the representation of the fundamental group of X£ arising from the flat vector bundle 
Ec. If the image of pe^ is ahelian, then E^ is of torsion type for all a e K{C). 

Proof. We prove it by induction on dimX. First, we consider the case d= 1. Since the 
representation pE^ is abelian, we have the decomposition = pi © ■ ■ ■ © Pr such that 
dim Pi = 1 for all ?'. Therefore, there are fiat line bundles L'l, . . . , on Xc such that 
Ec = L'l (B ■ ■ ■ Q) L'^. Thus, by an easy descent, we can find line bundles Li, . . . ,Lr on 
Xq such that E^ — Li® ■ ■ ■ ® L^ and deg(Lj) = for all i. Thus, by Proposition 10.8 
in [Mol], we have our assertion. 

Next, we may assume that d > 2. Replacing by a higher multiple H'^ of H, we 
may assume that there is a section e H^{X.,H) with the following properties: 

i) div((/))i^ is smooth and geometrically irreducible. 

ii) If div((/)) = Y + aiFi + ■ — h asFs is the irreducible decomposition such that Y is 
horizontal and Fj's are vertical, then F^'s are smooth fibers. 
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Since {E^, K) is flat for each a e K{C), we have {ch2{E) ■ Fi ■ H'^~'^) = and ch.2{E^, h^) 
is zero as differential form for every a e K{G). Thus we have 

ch2{E, h) ■ ci{H, kY'^ = ch2( iE,h)\y)- ci( (ff, k)\yY-\ 

Let Pec\y • ''''i(^) GLr(C) be the representation arising from -E'clyj,- Since Pec\y 
the composition of 7ri(lc) T^i^c) and '■ 7ri(^c) GLj.(C), the image of pec\ 
is also abelian. Thus, by hypothesis of induction, Ecrly is of torsion type for every 
a e K{C). On the other hand, by Lefschetz theorem, 7ri(YCT) — ^ 7''i(^cr) is surjective. 
Hence, Ea- is also of torsion type for every a e K{C). □ 

Finally, wc will pose two questions. Let f : X ^ Spec(OK) he a, {d + 1) -dimensional 
arithmetic variety, {H, k) an arithmetically ample Hermitian line bundle on X, and {E, h) 
a Hermitian vector bundle on X such that £^ is semistable with respect to H-^ and 

{ci{Ek) ■ ci{HkY~^) = 0. An interesting problem is to find stronger equality conditions 
for 

ch2{E,h)-ci(H,kY-^ < 0. 

Theorem 3.1 says that if ch2(-E,/i) ■ci{H,k)'^~^ = 0, then at least E^r is flat for every 
a G K{C). Optimistically, one may pose the following question: 

Question 3.3. If di2{E, h)-ci{H, k^-^ = 0, is E^ of torsion type for every a E K{C) ? 

By Proposition 3.2, if 7ri{Xc) is abelian or rk£^ = 1, we have an affirmative answer of 
the above question. Moreover, if we carefully trace back the proof in Proposition 3.2, 
Question 3.3 can be reduced to the case d = 1. So from now on, we assume that d = 1. 
Let Mxk/k{'>^j 0) be the moduli scheme of semistable vector bundles on X^ with rank r 
and degree 0. Let hhe a height function on M XK/K{f: 0) arising from some ample line 
bundle on Mx^/Kir^ 0)- next question is 

Question 3.4. Are there constants A and B with the following properties ? 

(1) ^, S e M and ^ > 0. 

(2) For all semistable Hermitian vector bundle h) on X with rank r and degree 
0, we have 

h{EK)<T^^ME,h) + B 



In some sense. Question 3.4 is related to Question 3.3. For, if ch.2{E,h) = and Ques- 
tion 3.4 holds, then the height of Ek is bounded. So Ek should have some simple 
structure. 
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